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Abstract
Several authors have proposed out of equilibrium thermal engines models, allowing optimization processes involving
a trade off between the power output of the engine and its dissipation. These operating regimes are achieved by using
objective functions such as the ecological function (EF ). In order to measure the quality of the balance between
these characteristic functions, it was proposed a relationship where power output and dissipation are evaluated in
the above mentioned EF–regime and they are compared with respect to its values at the regime of maximum power
output. We called this relationship "Compromise Function" and only depends of a parameter that measures the quality
of the compromise. Thereafter this function was used to select a value of the mentioned parameter to obtain the
generalization of some different objective functions (generalizations of ecological function, omega function and efficient
power), by demanding that these generalization parameters maximize the above mentioned functions. In this work we
demonstrate that this function can be used directly as an objective function: the “PΦ–Compromise Function” (CPΦ),
also that the operation modes corresponding to the maximum Generalized Ecological Function, maximum Generalized
Omega Function and maximum Efficient power output, are special cases of the operation mode of maximum CPΦ,
having the same optimum high reduced temperature, then the characteristic functions will be the same in any of the
above three working regimes, independent of the algebraic complexity of each generalized function. These results are
presented for two different models of an irreversible energy converter: a non–endoreversible and a totally irreversible,
both with heat leakage.
1 Introduction
In the last paragraph of the book "Reflections on the motive power of heat and on machines fitted to develop that power"
S. Carnot writes[1]:
«We should not expect ever to utilize in practice all the motive power of combustibles. The attempts made
to attain this result would be far more hurtful than useful if they caused other important considerations to
be neglected. The economy of the combustible is only one of the conditions to be fulfilled in heat–engines. In
many cases it is only secondary. It should often give up to safety, to strength, to the durability of the engine, to
the small space which it must occupy, to small cost of installation, etc. To know how to appreciate in each case,
at their true value, the considerations of convenience and economy which may present themselves; to know
how to discern the more important of those which are only accessories; to balance them properly against each
other, in order to attain the best results by the simplest means; such should be the leading characteristics of
the man called to direct, to co-ordinate among themselves the labors of his comrades, to make them cooperate
towards one useful end, of whatsoever sort it may be.»
In modern language these words give rise to the process known as Thermodynamic Optimization. Since 1975, when
Curzon and Ahlborn proposed the power output of their model for thermal engines [2], as an objective function to find
a specific operating regime, a large number of articles have been published with several objective functions which are
associated with modes of operation or specific designs [3, 4]. Thus, the studies of the behavior of engines have focused on
finding “optimal” operating regimes, by means of economic, ecological or other reasons. To obtain a model that allows to
know the conditions with which it is possible to reach such working regimes, given particular operational objectives, in the
framework of the Finite Time Thermodynamics (FTT) have emerged objective functions, such as “Ecological function”,
“Omega function”, “Efficient Power” among others [5, 6, 7, 8, 9, 10], that allow to find modes of operation that satisfy
some compromise between the characteristic functions of the engine.
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The ecological functions is defined as [5],
E = P − Φ, (1)
where P is the power output and Φ the dissipation of the engine. This function was proposed by Angulo-Brown towards
1992. However, the necessity to find the best objective function that made a good trade off between the mentioned process
variables, led to the generalization of the ecological function in 1997 [11],
EG = P − ǫΦ, (2)
being ǫ a parameter that generate a family of ecological functions (EG). To choice the ecological function that gives the
best trade off between P and Φ, the “Compromise Function” C [11, 12, 13] was proposed as follows:
C =
PMX
PMP
− Φ
MX
ΦMP
, (3)
where the super index MX indicates that the power output and dissipation must be evaluated in the regime of maximum
EG (MEG) andMP super index of power output and dissipation means that this characteritic functions must be evaluated
at the maximum power output (MPO) regime. Under this consideration, the ecological function provides 75% of the power
output and 25% of the dissipation with respect to the MPO–regime for an endoreversible model (75− 25 corollary [11]).
In 2001, Calvo et al [6] defined an optimiztion criterion, called the Omega criterion, consisting in the maximization of the
function
Ω = Eu,eff − Eu,l, (4)
where Eu,eff ≡ Eu−zminEi is the effective useful energy and Eu,l ≡ zmaxEi−Eu is the lost useful energy. This functions
were defined in terms of: Euthe useful energy, Ei the input energy and z = Eu/Ei the mesure of the engine’s performance.
In 2006 Partido and Arias-Hernández found that the generalization of Omega function [14]:
ΩG = Eu,eff − λEu,l, (5)
could be equivalent to the "best" of the generalized ecological ones. This happens when the λ parameter is selected
through the Compromise Function. In 2016 Levario-Medina and Arias-Hernandez found the same equivalence by picking
the parameter k of the k–Efficient Power [15, 16]:
Pηk = Pη
k, (6)
with the same procedure by using the Compromise Function. In reference [15] was showed that the above procedure to
select the generalization parameter, allow us to make equivalent the optimal regimes derived from the three mentioned
objective functions (EG, ΩG and Pηk), in spite of they involve different process variables and have different algebraic
structure.
In this paper we show that the Compromise Function CPΦ defined as:
CPΦ (ah) =
P (ah)
PMP
− Φ (ah)
ΦMP
. (7)
can be taken directly as an objective function without the use of the generalized functions. This objective function that
from now on we will call PΦ–Compromise Function, allow us to reach the best trade–off between P and Φ of the thermal
engine (75− 25 corollary) [9, 11, 12].
The present study is based on an akin model to the one proposed by Curzon and Ahlborn in 1975 (CA–engine). A
CA–engine Fig. 1 has two reservoirs at absolute temperatures T1 and T2 such that T1 > T2; two irreversible components
(thermal conductances α and β) and a working substance that operates in reversible cycles between two working temper-
atures T1w and T2w (T1w > T2w) [2]. However, this model still needs certain elements that have been added later by other
authors, elements which consider internal irreversibilities (σi) [17, 18, 19, 20] or the heat leaks that occur through the
materials with which the thermal engines are built. To emulate the heat leaks, a direct heat flux is considered between
the reservoirs (Qhl). Additionally, we have two heat fluxes Q1 and Q2 (quantities per cycle period), which allow us to
build the other processes variables of the engine:
• The power output,
P = QI −QO. (8)
• The efficiency,
η = 1− QO
QI
. (9)
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Figure 1: Heat engine akin Curzon–Ahlborn thermal engine.
• The entropy production,
σT =
(
QO
T2
− QI
T1
)
+
(
Q1
T1w
− Q2
T2w
+ σi
)
≥ 0. (10)
being the first parenthesis the entropy production of the surroundings (σe), the second one can be related with the
entropy production of the internal cycle (σws), due to the working substance operates in cycles σws always is zero,
that is, σws = 0; σi is the entropy production which arise in the working substance, due to different processes such
as turbulence and viscosity among others secondary processes which can help to complete the cycle. On the other
hand, QI is the total input heat flux to the system, and QO its the total output heat flux. In general, these heat
fluxes are:
QI = Q1 +Qhl (11)
and
QO = Q2 +Qhl. (12)
In this work, we consider a linear heat transfer law (Newtonian heat law) for all heat fluxes involved (see Fig. 1),
that is,
Q1 = α (T1 − T1w) , (13)
Q2 = β (T2w − T2) (14)
and
Qhl = δ (T1 − T2) . (15)
For the models here used, we also build a characteristic function called the dissipation function, defined as [5],
Φ = T2σT . (16)
The equations (13), (14) and (15), can be rewritten as:
Q1 (α, T1, ah) = αT1 (1− ah) , (17)
Q2 (α, γ, T1, ac) = αT1
τ
γ
(
1
ac
− 1
)
(18)
and
Qhl (δ, τ, T1) = δT1 (1− τ) , (19)
where τ = T2/T1 and γ = α/β, while ah = T1w/T1 and ac = T2/T2w are the high reduced temperature and the low reduced
temperature respectively. These last variables will be important, because they help us to characterize several modes of
operation. Since the thermal engine operates in cycles, we could find a relation between these reduced temperatures,
depending of the model which will be used.
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Hereinafter there are certain considerations must be made to obtain each of the models used in this work, for each of
them we will show that the PΦ–Compromise Function is an objective function, that allow us characterizing an "optimal"
mode of operation whose properties were attributed to the generalized ecological function and others objective functions.
We made this analysis for two irreversible models. In section 2, a non–endoreversible model with heat leak (NEHL) is
addressed. In this model the irreversibilities of the internal cycle are quantified by the non-endoreversibility parameter R
[19] and a heat leak is added between the two heat reservoirs through a thermal conductance, this last with the purpose
of obtaining a loop shaped characteristic curve of the power output versus efficiency, reported by Gordon in the eighties
for real thermal engines[18, 21, 22]. In section 3, the “uncompensated heat” of Clausius [23] is used as a measure of
the irreversibilities that are generated in the working substance, likewise a "heat leak" is incorporated with the purpose
of obtaining an Irreversible model with Heat Leak (IHL), in which the most important sources of irreversibilities that
occur in a real energy converter are included. In addition, in each of these sections we show how, under the appropriate
considerations, the results corresponding to an endoreversible model can be obtained. Finally, an appendix is added to
show how the compromise function is used to select the parameter of generalization of any of the objective functions above
mentioned, to obtain the same optimal operation regime.
2 Non–endorreversible model with heat leak [σi = (1−R); δ 6= 0]
In the CA model, Curzon and Ahlborn supposed that the work substance operates in such way, that its internal entropy
production (σi) was zero, what is a great supposition, because in nature, these akin of processes are not common, if not
nonexistent. Due to this, some authors have proposed to add a phenomenological parameter (R) [19], which allow us to
quantify the grade of irreversibility that is generated within the work substance. So that, the R parameter converts the
Clausius’s inequality [24] to an equality. It permits to obtain a better approximation to a real thermal engines behavior.
Under this consideration the entropy production of the working substance (σi) can be written as:
σi = (1−R) Q2
T2w
, (20)
with 0 < R ≤ 1, (when R = 1, the endoreversible mode (σi = 0) is recuperated). Replacing the equation (20) in the
second parentheses of the equation (10), σws can be rewritten as:
Q1
T1w
−R Q2
T2w
= 0, (21)
this one is know as the non-endoreversibility hypothesis. From this relationship and considering the heat flows Q1 and
Q2 given by the equations (13) and (14) respectively, it is possible to establish the above mentioned relation between the
high reduced temperature and the low reduced temperature:
ac (γ,R, ah) = 1 +
(ah − 1) γ
ahR
. (22)
This allows to written the heat flux Q2 like:
Q2 (α, γ, T1, τ, R, ah) =
(1− ah)T1ατ
ah (R+ γ)− γ (23)
and Q1is given by the equation (17).
Then the heat fluxes which are get in (QI = Q1 +Qhl) and get out (QO = Q2 +Qhl) of the system are:
QI (α, δ, τ, T1, ah) = T1 [α (1− ah) + δ (1− τ)] (24)
and
QO (α, δ, γ, τ, T1, ah) =
T1 {ah (R+ γ) δ + γδ (τ − 1) + ατ − ah [α+ (R+ γ) δ] τ}
ah (R+ γ)− γ . (25)
Thus, the power output and the dissipation of the system will be:
P (α, γ, T1, τ, R, ah) = T1α (ah − 1)
[
τ
ah (R+ γ)− γ − 1
]
(26)
and
Φ (α, δ, γ, T1, τ, R, ah) =
1
ah (R+ γ)− γ
{
ατ + a2hα (R + γ) τ − γ
[
δ (τ − 1)2 − ατ
]
+ah
{
(R+ γ) δ − [α (1 +R+ 2γ) + 2 (R + γ) δ] τ + (R+ γ) δτ2}
}
, (27)
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Figure 2: (a) PΦ–Compromise function under a non–endoreversible model as a function of the high reduced temperature,
(b) Comparison of the power output and dissipation at maximum PΦ– Compromise Function with respect to the same
process variables at maximum power output regime and (c) Efficiency at maximum efficiency regime ( ηMη), efficiency at
maximum power output (ηMP ) and efficiency at maximum PΦ – Compromise Function (Dashed line, ηMCPΦ). Here we
consider: α = 1MW/K, γ = 3,τ = 0.5, T1 = 500K, δ = 0.001MW/K and R = 0.9.
The power output is a convex function, with its maximum in:
aMPh (γ, τ, R) =
γ +
√
Rτ
R+ τ
. (28)
Whereupon, and substituting the definitions (26), (27) and (28) in (7), the function CPΦ will be:
CPΦ (α, δ, γ, τ, R, ah) =
Rκτ (τ − 1)
{
a2hκ
[
κδ (τ − 1) + α
(
τ −√Rτ
)]
+ ahCn1 + Cn0
}
(ahκ− 1)
(√
Rτ − τ
){√
Rτ
[
γδ (τ − 1)2 − ατ
]
+R
[
δ
√
Rτ (τ − 1)2 + ατ
(
1 + τ −
√
Rτ
)]} ,
(29)
with
Cn1 (α, δ, γ, T1, τ, R, ah) = .
[
α
√
Rτ − 2δ (τ − 1)
(
γ +
√
Rτ
)]
+2γ
[
−δ
√
Rτ (τ − 1) + α
(√
Rτ − τ
)]
−2γ2δ (τ − 1)−ατ
√
Rτ
(30)
and
Cn0 (α, δ, γ, T1, τ, R, ah) = γ
2δ (τ − 1) + τ
[
Rδτ + α
√
Rτ −R (α+ δ)
]
+ γ
[
2δ
√
Rτ (τ − 1) + α
(
τ −
√
Rτ
)]
(31)
In this function, as can be observed in Fig 2 (a), the high reduced temperature that allows us to reach its maximum is:
aMCPΦh (α, δ, γ, T1, τ, R, ah) =
γ
(R+ γ)
− rCp
(R+ γ)
[
α
(
τ −√Rτ
)
− κδ (1− τ)
] , (32)
where
rCp (α, δ, γ, T1, τ, R, ah) =
√
Rτ
[
α
√
Rτ − γδ (1− τ)−R (α+ δ [1− τ ])
] [
α
(
τ −
√
Rτ
)
− κδ (1− τ)
]
. (33)
This high reduced temperature characterize a particular energetic performance in the engine’s behavior. Its process
variables can be obtained substituting the equations (24) and (25), with the ah given by equation (32), as is indicated in
equations (8), (9) and (16). This allows the engine to reach a 75% of the power output and around 25% to 60% of the
dissipation of the MPO–regime (as is showed in Fig. 2 (b)). In Chapter 3 section 3.2.3 of reference [15] (also see appendix
A) is showed how to obtain the high reduced temperature that characterize the MEG–regime, using the Compromise
Function like is defined by the equation (3). By substituting equation (66) in (45) (see the appendix A) it is possible to
observe that the ah which characterize the maximum generalized ecological function regime, is the same that is given by
equation (32). So that, the energetic performance of a thermal engine working in any of these regimes are going to be
equal. Under the appropriate limit conditions (δ → 0 y R→ 1), this result can be reduced to the case of an endorreversible
model, as is showed in Table 1.
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CPΦ − [ah−1][1+γ][ah+(ah−1)γ−
√
τ][1+
√
τ]
[ah+(ah−1)γ][−1+
√
τ]
2 Sketch of the compromise function
aMCPΦh
γ+τ
1/4
1+γ
Comparative
Table 1: Results reduction to an endoreversible model without heat leak.
3 Irreversible model with heat leak (σi ≥ 0; δ 6= 0)
As is mentioned in the previous section, the non-endorreversibility parameter is an option to measure possible irreversibil-
ities which could arise in the working substance of the internal cycle. However, the parameter σi in the second parenthesis
of the equation (10) can be associated directly to the Uncompensated Heat of Clausius (UHC). This concept was proposed
by Clausius [23, 25], to offset the heat which is lost in a irreversible process. Under this consideration, the second paren-
thesis of the equation (10) allows to establish the relationship between the high reduced and the low reduced temperatures
which is:
ac (α, γ, r, ah) = 1 + γ (1− r) − γ
ah
, (34)
where r = σi/α. So, the heat flux Q2 can be rewritten as:
Q2 (α, γ, T1, τ, r, ah) =
αT1τγ [ah (ah − r)− 1]
γ + ah [γ (r − 1)− 1] (35)
and Q1 is given by the equation (17).
Even though, the characteristic loop of thermal engines out of equilibrium between the efficiency and the power output
could be generated by using only the UHC, which implies that this is a good way to measure the irreversibilities of the
internal cycle, to incorporate the most common sources of irreversibility, in this model, a heat leak is added. This element
will operate like in the previous section, with a newtonian law given by the equation (15). So, the heat fluxes which are
get into and get out of the system are given by the equations (11) and (12):
QIC (α, δ, T1, τ, ah) = T1 [α (1− ah) + δ (1− τ)] (36)
and
QOC (α, δ, γ, T1, τ, r, ah) = T1
γδ (τ − 1) + ατ + ah {δ (τ − 1) [γ (r − 1)− 1] + ατ (r − 1)}
ah [1− γ (r − 1)]− γ , (37)
with these equations, it is possible to establish the power output and the dissipation of this model as:
P (α, δ, γ, T1, τ, r, ah) = T1α
{
1− ah + τ [1 + ah (r − 1)]
γ + ah [γ (r − 1)− 1]
}
(38)
and
Φ (α, δ, τ, T1, r, ah) = T1
a2hατ [γ (r − 1)− 1]− ατ + γ
[
δ (1− τ)2 − ατ
]
+ ah
{
δ (1− τ)2 [γ (r − 1)− 1]− ατ (1 + γ) (r − 2)
}
γ + ah [γ (r − 1)− 1] .
(39)
Here, power output has a high reduced temperature that allow its maximization. This ahis:
aMPh (γ, τ, r) =
γ +
√
τ
1− γ (r − 1) . (40)
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Figure 3: (a) PΦ – Compromise Function for an irreversible model with heat leak. (b) Comparison of the power output
and dissipation at maximum compromise function with respect to the same process variables at maximum power output
regime. (c) Efficiency at maximum efficiency regime (ηMη), efficiency at maximum power output regime (ηMP ) and
efficiency at MCF–regime (dashed line, ηMCPΦ). (d) Parametric curves of power output vs efficiency at different values
of τ . Here we use: α = 1MW/K, γ = 3, τ = 0.5, T1 = 500K, δ = 0.001MW/K and r = 0.001.
As was mentioned in previous section, when equations (38), (39) and (43) are substituted in (7), the objective function
CPΦ is given by:
CPΦ (α, δ, γ, τ, r, ah) =


(τ − 1) [γ (r − 1)− 1]
×{γ + ah [γ (r − 1)− 1] +
√
τ}nC1

/


{γ + ah [γ (r − 1)− 1]}
[
r (γ + τ)− (√τ − 1)2
]
×
{
δ (τ − 1)2 [γ (r − 1)− 1]
−√τα {1 + [r (1 + γ)− 2] + τ}
}


,
(41)
with
nC1 (α, δ, γ, τ, r, ah) =
{
γδ (τ − 1) + [α√τ + δτ − (α+ δ)]√τ
+ah {δ (τ − 1) [γ (r − 1)− 1] + α
√
τ + ατ (r − 1)}
}
. (42)
Here, the high reduced temperature that maximizes CpΦ is (see Fig. 3(a)):
aMCPΦh (α, δ, γ, τ, r) =
[
1
1− γ (r − 1)
]{
γ +
√
τ {δ [τ − 1] [γ (r − 1)− 1]− α [rγ +√τ − 1]}
δ [τ − 1] [γ (r − 1)− 1] + α [√τ + τ (r − 1)]
}
. (43)
In Fig. 3 (b) we can observe the comparative of the power output and the dissipation at Maximum PΦ–Compromise
Function (MCF–regime) with respect to the MPO–regime characteristic functions. There, the quotient of the power
output at MCF–regime and power output at MPO–regime is around 75% until it is near to:
τl (γ, r) =
[
1−
√
r [1 + γ (1− r)]
]2
[1− r]2 ,
while dissipation increases considerably until 1, as τ approaches to τl. It implies that the energetic will be the same of
the MPO–regime. It has sense because τ is T2/T1 and it is relate with the engine’s thermal gradient. When τ is near to
zero (T2 ≪ T1), there are more configurations that allow the thermal engine access to several modes of operation. This
fact can be observed in Fig. 3 (d), where the parametric loop power output vs efficiency decreases as τ increases. If the
reservoirs were bodies with finite heat capacities, they can transfer more energy before reaching the thermal equilibrium
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when τ ≪ 1, in the other hand (if τ ≈ 1) the quantity of energy transferred is small before the thermal equilibrium can
be reached.
As in the above section, for this model there are conditions which get it equivalent with the endoreversible model, they
are r = 0 and δ = 0. With these conditions we obtain the same results showed in Table 1. However, no conditions exist
which allow the equivalence to this model with the NEHL model.
4 Conclusions
In this paper has been shown how by means of a linear heat transfer law and two different thermal engine models (in which
some important features of the real thermal engines have been incorporated), the PΦ–Compromise Function is capable
to lead a thermal engine to reach a particular optimal operation mode, even in the endoreversible limit (R → 1 or r → 0
and δ → 0). Such mode had been associated with the maximum ecological generalized function regime, providing a 75%
of the power output and a 25% of the dissipation, compared to the same characteristic functions of the MPO–regime.
Despite of the fact that the generalized ecological function was the first objective function which allows to characterize the
above mentioned optimal operation mode, through a second process of optimization in which the Compromise Function
is used to select a very particular value of its generalization parameter, in resent years, there are at least two more
generalizations (generalization of the Omega function and k–Efficient Power) in which the Compromise Function has been
used to select each one of their generalization parameters (as it is showed in the appendices), just like was done in the
case of the generalized ecological function. With this procedure we obtained three different objective functions which lead
the thermal engine at the same trade off operation mode. Then these objective functions can be considered as particular
cases of the Compromise Function, with the advantage that we do not need a second optimization process to reach the
trade off optimal mode, consequently an algebraic simplification is obtained.
A NEHL Model
In section 2, we refer to certain calculus which were done in [15]. They are related with the way to select each of the
generalization parameters by using the compromise function as is defined in equation (3). When we use the generalizations
of the Ecological Function (equation 2), the Omega Function (equation 5) or the k–Efficient Power (equation 6), we get a
family of each of these functions associated to a generalization parameter respectively, to pick up one of these parameters
we use CPΦ. The functional form of each one of these generalizations, can be obtained by considering the equations (26),
(27) and the efficiency, which is given by:
η (α, δ, γ, τ, R, ah) =
α (ah − 1) [ah (R+ γ)− (γ + τ)]
[ah (R+ γ)− γ] [α (ah − 1) + δ (τ − 1)] . (44)
In this model, the power output is not the only characteristic function which has a aMPh , the efficiency has a high reduced
temperature that maximize it and is:
aMηh (α, δ, γ, τ, R) =
κ [γδ (τ − 1) + ατ ]−
√
Rκδ (τ − 1) τ {γδ (τ − 1) + ατ −R [α+ δ (1− τ)]}
κ [κδ (τ − 1) + ατ ] . (45)
This allow us to know the functional form to the generalizations of the objective functions which were mentioned through
this paper. In this model, the generalization of the ecological function is:
EG (α, δ, γ, T1, τ, ǫ, R, ah) =
T1
(
d2EGa
2
h − d1EGah + d0EG
)
γ − ah (R + γ) , (46)
where
d2EG (α, ǫ, γ, R) = α (R+ γ) (1 + ǫτ) , (47)
d1EG (α, δ, ǫ, γ, R) = R
[
α (1 + ǫτ)− δǫ (τ − 1)2
]
+ α [2γ (1 + ǫτ) + τ (1 + ǫ)]− γδǫ (τ − 1)2 , (48)
d0EG (α, δ, ǫ, γ, R) = −γδǫ (τ − 1)2 + α [γ (1 + ǫτ) + τ (1 + ǫ)] . (49)
As is possible to observe in Fig. 4 (a), this function has a ahwhich maximize it, and is given by:
aMEGh (γ, τ, ǫ, R) =
γ (1 + ǫτ) +
√
Rτ (1 + ǫ) (1 + ǫτ)
(R+ γ) (1 + ǫτ)
. (50)
On the other hand, to know the functional form to the generalization of the omega function, we need to use the equations:
(24), (26), (44) and (45), because the Eu,eff = Eu − zminEi and Eu,l = zmaxEi − Eu, where Euis the useful energy (in
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this case the Power Output), Eifucntion is the energy which is get in to the system (Qi), zmin is the minimum of the
efficiency, that in the case of the heat engines is zero, and zmaxis the efficiency (equation (44) ) evaluated in the a
Mη
h
(equation (45)) [6]. Then Eu,eff and Eu,l are:
Eu,eff (α, γ, T1, τ, R, ah) =
T1α (ah − 1) [(γ + τ)− ahκ]
ahκ− γ , (51)
Eu,l (α, δ, γ, T1, τ, R, ah) = T1α
[
(ah − 1)
(
1− τ
κah − γ
)
− ne,p
de,p
]
, (52)
whit κ = R+ γ and :
ru,p (α, δ, γ, τ, R) =
√
Rκδτ (τ − 1) [γδ (τ − 1) + ατ −R (α+ δ − δτ)], (53)
ne,p (α, δ, γ, τ, R) =


[(ah − 1)α+ δ (τ − 1)]
× [Rδκ (τ − 1) + ru,p]
×{τ [τ (δκ+ α)−R (α+ δ)− δγ] + ru,p}

 , (54)
de,u (α, δ, γ, τ, R) = (ru,p −Rατ)


Rδ [α (γ − τ)− 2γδ (τ − 1)] (τ − 1)
−γδ (τ − 1) [γδ (τ − 1) + ατ ]
+R2δ (τ − 1) (α+ δ − δτ) + ru,p

 . (55)
Substituting equations (51) and (52) in the equation (5), it is possible to know the functional form of the omega function.
In Figure 4 (a), we can appreciate that this function has a high reduced temperature which maximize it given by:
aMΩGh (α, δ, γ, τ, R) =
γκdΩG + rΩG
κ2dΩG2
, (56)
where :
dΩG (α, δ, γ, τ, R) =
{
R2A22 (α+ δ − δτ) + γδ (τ − 1) [γδ (1 + λ) (τ − 1) + αλτ ]
+2αλrup +R
[
A12 + α
2τλ − αδγ (τ − 1) (1 + λ)]
}
, (57)
rΩG (α, δ, γ, τ, R) =
√
Rκ2τ (1 + λ) [γδ +R (α+ δ)− κδτ ]2 dΩG2, (58)
A22 (α, δ, γ, τ, R) = α− δ (1 + λ) (τ − 1) , (59)
A12 (α, δ, γ, τ, R) = α
2τ + δ2 [τ − 1]2 [2γ (2 + λ) + τ ] + αδ (τ − 1) (2λτ − 3γ) (60)
and ru,p is given by the equation (53).
The k–Efficient Power, can be obtained by substituting the equations (26) and (44) in (6), and we get:
Pηk (α, δ, γ, T1, τ, R, k, ah) = T1 [α (1− ah) + δ (1− τ)]
{
α (ah − 1) [ah (R + γ)− (γ + τ)]
[ah (R+ γ)− γ] [δ (τ − 1) + α (ah − 1)]
}1+k
. (61)
As in the above generalizations, this function also has a ah that maximizes it (see Fig. 4 (a)), it is given by:
aMPηkh (α, δ, γ, τ, R, k) =
2
3
√
b22 − 3d1 cos (ξk)−
d2
3
, (62)
where ξk is:
ξk (α, δ, γ, τ, R, k) =
1
3
{
π + arccos
[
6d32 − 27 (d2d1) + 81d0
6 (d22 − 3d1)3/2
]}
,
and the coefficients d2, d1 and d0 are:
d2 (α, δ, γ, τ, R, k) =
α (kτ − 3γ) +Rδτ (1 + k) + γδ (1 + k) (τ − 1)−R [α+ δ (1 + k)]
α (R+ γ)
, (63)
d1 (α, δ, γ, τ, R, k) =
αγ (2R+ 3γ) + 2γδκ (1 + k)− τ [α (R+ 2kκ) + 2γδκ (1 + k)]
α (R+ γ)2
(64)
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Figure 4: (a) Generalization of the objective functions at the same value of their generalization parameters (ǫ = λ = k = 2).
(b) Compromise function as a function of the generalization parameters of the different generalization of the objective
functions and (c) Generalization of the compromise functions evaluated in the specific values that maximize the compromise
function (ǫMCPΦNEHL, λ
MCPΦ
NEHL and k
MCPΦ
NEHL). Here we use: α = 1MW/K, γ = 3,τ = 0.5, T1 = 500K, δ = 0.001MW/K and
R = 0.9
and
do (α, δ, γ, τ, R, k) =
ατ (R+ kκ) + δ (τ − 1) (γ2 −Rτ)− αγ2
α (R + γ)2
. (65)
In Fig. 4 (a), each of the generalization is sketched to the same value of their generalization parameters, however, no
one of them have their maximums in the same place, so, their optimal modes of operations are not the same. To chose a
value of each of the generalized parameters, in 2001 [12], 2006 [14] and 2016 [15] the compromise function (equation (3))
was used. This was possible when replacing the values of ah which maximize each of the generalizations as was done for
the MEG–regime. It is possible to appreciate in Fig. 4 (b), that are values of ǫ, λ and k which maximize the compromise
function in each case, and they are:
ǫMCNEHL =
α
(
R+ τ − 2
√
Rτ
)
γδ (τ − 1)2 − α
[
τ +
√
Rτ (τ − 1)
]
+R
[
δ (τ − 1)2 − ατ
] , (66)
λMCNEHL =
[
2
√
Rτ − (R+ τ)
]{
γδ (τ − 1)−R [α− δ (τ − 1)]2
}
{2 [rup +Rατ ] [R (α+ δ) + δ (γ − κτ)]} dλc
√
Rτ
, (67)
and
kMCNEHL =
{
δ
[
R2 − γ] [1− τ ] [2√Rτ − τ]+ ατ [3√Rτ − τ]+R [δ (1− τ)(γ + τ − 2√Rτ)+ α(√Rτ − 3τ)]}nk1{
α
[
τ −√Rτ
]
− κδ [1− τ ]
}{√
Rτ [ατ − γδ (1− τ)] [ατ − 2γδ (1− τ)] + dk1 − dk2
}
(68)
with rCp given by the equation (33) and :
dλc (α, δ, γ, τ, R, k) =
{
2αrup + γδ (τ − 1) [2γδ (τ − 1)+ατ ]
+R
[
α2τ + 4γδ2 (τ − 1)2 − αδ (3γ − τ) (τ − 1)
]
+R2 [α− 2δ (τ − 1)]
}
, (69)
nk1 (α, δ, γ, τ, R, k) = αrCp +
[
α
(√
Rτ − τ
)
− γδ (1− τ)
] [
δκ (1− τ) + α
(√
Rτ − τ
)]
, (70)
dk1 (α, δ, γ, τ, R, k) = R
2 [α+ 2δ (1− τ)]
[
ατ + δ
√
Rτ (1− τ)
]
+ 2rCp
[
α
(
τ −
√
Rτ
)
− γδ (1− τ)
]
(71)
and
dk2 (α, δ, γ, τ, R, k) = R
[
2rCpδ (1− τ) − 4γδ2 (1− τ)2
√
Rτ + α2τ
(
τ +
√
Rτ
)
+ αδ (1− τ)
(
3τ
√
Rτ − γ
[
2τ +
√
Rτ
])]
.
(72)
10
When these values are substituted in their corresponding ah, the high reduced temperature which arise is the same:
aNEHLh =
γ
R+ γ
−
rCp −
√
Rτ
{
α
√
Rτ − γδ (1− τ) −R [α+ δ (1− τ)]
}[
α
(
τ −√Rτ
)
− κδ (1− τ)
]
[R+ γ]
[
α
(
τ −√Rτ
)
− κδ (1− τ)
] . (73)
This can be seen in the Fig. 4 (c) where the three objective functions are evaluated in their corresponding values ǫMCPΦNEHL,
λMCPΦNEHL and k
MCPΦ
NEHL which maximize the compromise function.
B IHL Model
As in the above section, we will show how, using the compromise function, as is defined in equation (3) with the k–Efficient
Power, the generalization of the ecological function and the generalization of the Omega Function, we can get the same
high reduced temperature given by equation (43) obtained in section 3, where the compromise function is used directly
as an objective function.
In this model, the functional form of efficiency is:
η (α, δ, γ, τ, r, ah) =
α (1− ah) {γ + ah [γ (r − 1)− 1]} − ατ [1 + ah (r − 1)]
{γ + ah [γ (r − 1)− 1]} [α (1− ah) + δ (1− τ)] . (74)
This efficiency has an ahwhich maximize it, this is:
aMηh (α, δ, γ, τ, r) =
ατ + γ {ατ (1− r) + δ (1− τ ) [γ (r − 1)− 1]} − rη
[γ (r − 1)− 1] {δ (τ − 1) [γ (r − 1)− 1] + ατ (r − 1)} , (75)
where rη es:
rη (α, δ, γ, τ, r) =
√
τ [1− γ (r − 1)]
{
rτα2 + δ2 (1− τ)2 [1 + γ (1− r)]− αδ (1− τ) [τ − 1 + r (γ − τ)]
}
. (76)
This allow us to know the function form of the k–Efficient Power, whicbh is:
Pηk (α, δ, γ, T1, τ, r, ah) = T1α
k+1
{
1− ah + τ [1 + ah (r − 1)]
γ + ah [γ (r − 1)− 1]
}{
(1− ah) {γ + ah [γ (r − 1)− 1]} − τ [1 + ah (r − 1)]
{γ + ah [γ (r − 1)− 1]} [α (1− ah) + δ (1− τ)]
}k
.
(77)
In Fig. 5 (a) this function is sketched to an arbitrary value of k, and it is possible to appreciate that this function has a
high reduced temperature which maximize it, which is given by:
aMPηkh (α, δ, γ, τ, r) =
2
3
√
d22 − 3d1 cos (ξk)−
d2
3
, (78)
where ξk is:
ξk, (α, δ, γ, τ, r) =
1
3
{
π + arccos
[
6d32 − 27 (d2d1) + 81d0
6 (d22 − 3d1)3/2
]}
, (79)
and the coefficientsd2, d1 and d0 are :
d2 (α, δ, γ, τ, r) = −δ (1− τ) (1 + k) [1 + γ (1− r)] + α [1 + γ (3− r) − kτ (1− r)]
α [1 + γ (1− r)] , (80)
d1 (α, δ, γ, τ, r) =
αγ [2 + γ (3− 2r)] + 2γδ (1 + k) (1− τ) [1 + γ (1− r)]− ατ {1 + 2kγ [1 + γ (1− r)]}
α [1 + γ (1− r)]2 , (81)
and
do (α, δ, γ, τ, r) =
α
[
τk (1 + γ) + τ − γ2]− δ (1 + k) (γ2 − τ) (1− τ)
α [1 + γ (1− r)]2 . (82)
For the generalization of the ecological function, it is necessary to replace the equations (38) and (39) in (2), having
so, to this model EG is:
EG (α, δ, γ, τ, r, ǫ) = T1
a2hα [1 + ǫτ ] [1 + γ (1− r)]− ahnEG1 − γδ [1− τ ]2 + α [γ (1 + ǫτ) + τ (1 + ǫ)]
γ − ah [1 + γ (1− r)] , (83)
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with:
nEG1 (α, δ, γ, τ, r, ǫ) = α [1 + γ (2− r) + τ − τ (r − ǫ [1 + γ] [2− r])]− δǫ [1− τ ]2 [1 + γ (1− r)]
In Fig. 5 (a), it is possible to appreciate that to an arbitrary value of ǫ, this function has a ahwhich maximize it, that is:
aMEGh (γ, τ, r, ǫ) =
γ (1− ǫτ) +
√
τ (1 + ǫ) (1 + ǫτ)
(1 + ǫτ) [1 + γ (1− r)] . (84)
On the other hand, by taking the definitions of Eu,eff , Eu,l and z [6] for this model, we get:
Eu,eff (α, γ, T1, τ, r, ah) = T1α
{
1− ah + τ [1− ah (1− r)]
γ − ah [1 + γ (1− r)]
}
(85)
and
Eu,l (α, δ, γ, T1, τ, r, ah) = T1α
{
ah − 1 + τ [ah (1− r)− 1]
γ − ah [γ (1− r) + 1] +
[α (1− ah) + δ (1− τ)]
(
r2η − rηn1ep − n2ep
)
(rη − ατ) {rηα− [γ (r − 1) + 1] d1ep}
}
, (86)
where rη is given by the equation (76) and
n1ep (α, δ, γ, τ, r) = ατ
{
1 + r [1 + γ (1− r)]− τ (1− r)2
}
− δ (1− τ) [γ (1− r) + 1] [rγ − τ (1− r) − 1] , (87)
n2ep (α, δ, γ, τ, r) = τ [γ (r − 1) + 1]
{
δ2 (1− τ)2 [1 + γ (1− r)] + rα2τ − αδ (1− τ) [r (γ − τ) − 1 + τ ]
}
, (88)
with
d1ep (α, δ, γ, τ, r) = rα
2τ − αδ (1− τ) [rγ + τ (1− r)− 1] + δ2 (1− τ)2 [1 + γ (1− r)] . (89)
In Fig. 5 (a) can be appreciated that the generalization of the Omega Function has a maximum, which is given by:
aMΩGh (α, δ, γ, τ, r, λ) =
Ω2 −
√
Ω2 + 4Ω1Ω3
2Ω1
, (90)
with:
Ω1 (α, δ, γ, τ, r, λ) = −d2Ωg1
{
r2ηα+ ατdΩg1
{
δ2dΩg1 + rτα
2 + (1− τ) [1− rγ − τ (1− r)]}+ rηnΩg1} , (91)
Ω2 (α, δ, γ, τ, r, λ) = − 2γ
dΩg1
Ω1, (92)
Ω3 (α, δ, γ, τ, r, λ) =
{
r2ηα
[
τ (1 + λ) − γ2]− rηdΩg2
−ατdΩg1
[
γ2 − τ (1 + λ)] {δ2 (1− τ)2 dΩg1 + rα2τ − αδ (1− τ) [τ − 1 + r (γ + τ)]}
}
, (93)
and
dΩg1 (γ, r) = 1 + γ (1− r) , (94)
dΩg2 (α, δ, γ, τ, r, λ) =
{ −δ2d2Ωg1 (γ2 − τ) (1 + λ) + αδ (1− τ) dΩg1nΩg2
+α2τ
{−γ2 [1 + r + rγ (1− r)] + τ + τdΩg1 {r + λ [1 + r − γ (1− r)]}}
}
. (95)
nΩg1 (α, δ, γ, τ, r, λ) = −δ2d2Ωg1 (1− τ)2 − α2τ
[
1 + rdΩg1 + λτ (1− r)2
]
+ αdΩg1 (1− τ) [rγ − 1 + τ (1− r) (1 + 2λ)]
and
nΩg2 (γ, τ, r, λ) = rγ
3 − rγτ (1 + λ) + τ (1 + λ) [1− τ (1− r)]− γ2 [1− τ (1 + 2λ) (1− r)] .
When this high reduced temperatures ((78), (84) and (90)) are substituted in equation (3), the compromise function in
each one has a value of k, λ and ǫ which maximize it, just like is showed in Fig. 5(b), if the compromise function is
maximized respect to each generalization parameter. The corresponding values are:
ǫMCPΦIHL =
α
[
(1−√τ )2 − r (γ + τ)
]
δ [1 + γ (1− r)] (1− τ)2 + ατ1/2 [1 + τ1/2 (r + rγ − 2) + τ] . (96)
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Figure 5: (a) Generalization of the objective functions at the same value of their generalization parameters (ǫ = λ = k = 2).
(b) Compromise function as function of the generalization parameters of the different generalization of the objective
functions and (c) Generalization of the compromise functions evaluated in the specific value that maximize the compromise
function (ǫMCPΦIHL , λ
MCPΦ
IHL and k
MCPΦ
IHL ). Here we use:: α = 1MW/K, γ = 3,τ = 0.5, T1 = 500K, δ = 0.001MW/K and
r = 0.001
λMCPΦIHL =
[
(1−√τ )2 − r (γ + τ)
]{
2ατdΩg1nc1 − rη
{
δ2 (1− τ)2 dΩg1 + α2τ [1 + r + rγ (1− r)]
+αδdΩg1 (1− τ) [1− r (γ − τ) + τ ]
}}
rη
√
τdc1 − 2τdΩg1nc1 [δ (1− τ) dΩg1 + α
√
τ − ατ (1− r)] (97)
and
kMCPΦIHL =
[
(1−√τ )2 − r (γ + τ)
]{
δ2 (1− τ)2 d2Ωg1 + α2 (1− rγ) [1−
√
τ (1− r)]
+αδdΩg1 [r (γ − τ) − 1−
√
τ (1−√τ)]
}
− αrkC
{δdΩg1 (1− τ) + α [
√
τ − τ (1− r)]} {√τ {δdΩg1 (1− τ) − α [τ − 1 + r (γ − τ)]} − 2rkC} (98)
with
nc1 (α, δ, γ, τ, r) = −δ2 (1− τ)2 dΩg1 − rτα2 − αδ (1− τ) [1− rγ − τ (1− r)] , (99)
dc1 (α, δ, γ, τ, r) =
{ −2δ2 (1− τ)2 d2Ωg1 − αδdΩg1 [1 + 2√τ + 3rτ − (rγ + 3τ)]
−α2τ
[
1 + r (1 + γ)− r2γ − 2√τ (1− r) + τ (1− r)2
] } (100)
and
rkC =
√
τ
[
α
(
1− rγ +√τ)+ δ (1− τdΩg1)] [δ (1− τdΩg1) + α√τ − ατ (1− r)]. (101)
When these values of the generalization parameters are substituted in the corresponding high reduced temperature
that maximize the generalized functions, it is possible to appreciate in Fig. 5(c), that the three generalized functions have
their maxima in the same ah, then the three ah reduces them self to:
aIHLh =
[
1
1− γ (r − 1)
](
γ +
√
τ {δ (τ − 1) [γ (r − 1)− 1]− α (rγ +√τ − 1)}
δ (τ − 1) [γ (r − 1)− 1] + α [√τ + τ (r − 1)]
)
. (102)
Which is just the same high reduced temperature that is get when the compromise function is used directly like PΦ–
Compromise Function (equation (43)), then they become equivalent in their energetics at the optimal operation regimes.
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